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ABSTRACT 

An example of a Banach space E is given with the following properties: Every 
bounding set A C E (i.e. f(A) is bounded for each holomorphic function f :  E-~ 
C) is relatively compact but there are relatively non-compact limited sets A (i.e. 
T(A) is relatively compact for each bounded linear map T: E ~ Co). 

Introduction 

A subset A of a Banach space E is called limited if limj ~j(x) = 0 uniformly for 

x G A whenever (¢i) is a weak* null sequence in E* and A is called bounding if 

every entire function in E is bounded on A. Since ~ '  ,p~ is an entire function if 

(and only if) (¢j) is a weak* null sequence, it is an immediate consequence that 

a bounding set also is limited. It has been an open problem, however the opposite 

inclusion holds (see [DID. In this paper an example is given which answers this 

question in the negative. 

In [D2] and [J2] examples of non-trivial (i.e. not relatively compact) bounding 

sets are given. It is shown in [J2] that the unit ball of  a Banach space E, viewed 

as a subspace of  I~*(F) where r is a sufficiently big index set, is bounding and 

limited precisely when E does not contain any isomorphic copy of  l I . On the con- 

trary, [J1] gives that the unit ball of  an infinite dimensional Banach space is never 

limited in the space itself. In this paper a Banach space E containing an isomorphic 

copy of  Co is constructed, such that the unit vectors of  Co is limited (which is 

shown by arguments close to that in [D2]) but E contains no bounding sets besides 

the trivial ones. In fact, the class of  entire functions generated by continuous lin- 
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ear functionals is rich enough to conclude that the bounding sets are relatively 

compact. 

I am very grateful to the referee for allowing me to publish this example. First 

of  all, it does not depend on the Continuum Hypothesis, as my original one did, 

and, secondly, though the basic ideas are the same, it makes much more clear and 

effective use of these ideas. 

Some notations 

For a set F: 

(Po~(F) := infinite subsets of F, 

Coo(F) := {(a(~) :3' E F) C C1{3' : a (~)  *: 01 is finitel, 

(ev: 7 E F) usual Hammel-basis of C0o(F) 

(i.e. e~(3') = 1 and e~(~/') = 0 if 3" :# 3'). 

For the Banach space l~, II'llt~ denotes its norm and if M C N, XM E lo. is 

defined by xm(n) = 1, if n E M, and xm(n) = 0, if n E N \ M .  For j E N, 

projj : lo~ ~ C is defined by projj(xi) = xj if (xi) E lo~. 

Construction of E 

Let F := (P~(N) × N x wl, where oh denotes the first uncountable ordinal, 

and, if M E  (P~(N) and k E N, we set I'(M,k) := {(M,k, o0 : o~ E ~oi}. For each 

M E (P~o(N) and k E N we choose a family (V<i,k,~):ot < o~1) C (Poo(M) 

satisfying 

(1) V(M,k,,~) N V(M,k,B ) is finite if et ~/~ 

and we put for 3' = ( M , k , a )  E F 

-k  (2) f ,  := 2 XV(M,k,,~)' 

considering f~ as an element of  1¢. (N). For each z = Z,,~N z..e,, + ~v~r  z~ev E 

coo(N U F) we define 

Ilzll0:= ~ max I sup Iz~l 1 1 
(M,k)EOP~(N)×N k 'YEF(M,k)  ,k.2k Iz, I 'TEF(M,k) 

(3) 

and 

(4) Ilzll~ := k~N~ ZkXlkJ + ,~rz, f, ,o," 
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Since Ilzllo 0 iff ~,,z~e~ ~ 0 and Ilzll  o if ~zve~ = 0 and ~XkXlkl ~: 0, 

Ilzll :=  maxlllzll~,llzllo}, for z E coo(N U I'), defines a norm. We let E be the 

completion of coo(N U F) under II" II. Furthermore, we define E~ to be the closed 

subspace of 1o0 generated by {XIk}, f , : k  E N, 3' E I'1 and Eo to be the comple- 

tion of Coo(F) under I1" Iio. We note that Eo is the l~-direct-sum of spaces EtM.k) 

where, for (M,k )  E 6~o,(N) × N, EtM, k) is the closed subspace of Eo generated by 

{e~ :3' E I'tM, k)1. Also, each EtM.k) is isomorphic to 1~ (FtM, kl). This implies, in 

particular, that Eo has the Schur property. 

The mapping Co ~ (x~) ~ ~ x~e~ E E defines an isometric embedding of Co into 

E. We shall always mean the range of this isometry if we speak of Co as a subspace 

of E. 

For z = ~j~NZje~ + ~,,v~rZ~e~ ~ coo(N O F) and n E N we set 

(5) ~z := ~,, zjej + ~ ~_j zv (ev - )-~, 2-kej). 
j>n M E ( P , ~ ( N ) , k E N  "yEF(M,k) j<--n,jE V~/ 

If we let T: E-~ E~ be the operator defined by T(ek) = XIk} and T(e , )  = f~, it 

follows from the definition (2) of f~  and from (5) that 

(6) T(nz) = T(z)  "xl,+l.,+2 .... I, if z E coo(N U F). 

By condition (1), it is possible to find for z E coo(N U F) an no E N so that V v N 

V~, C [1 . . . . .  nol whenever there is a k E N and an M E 6~o(N) with 3",3" E 

FCM, kl, 3' ~ 3", and zv, zv' :~ 0. 
This implies that for all z E coo(N U F) there exists an no so that 

(7) Ilnzll = [Izllo if n _> no, 

and that no only depends on the set {k E N :Zk :~ 0} U 13' E I' :Zy :~ 0}. For the 

quotient space E/co and its norm I[ [I E/co we deduce that 

IIzlIE/co liminf Ilnzll = Ilzllo IIZlIE/¢o 
n~oo 

if z E coo(N U 1") and thus that 

(8) II zllEJco = Ilzllo i f z E E .  

Since E0 has the Schur property, this leads to the following dichonomy of 

bounded non-relatively compact subsets of E. Let A C E be bounded and non- 

relatively compact, then: 
Either its image under the quotient mapping E ~ E/co = Eo is also not relatively 
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compact. Then its image, and thus A itself, contains a sequence equivalent to the 

l~-unit vector basis. 

Or this is not the case. Then there exists a compact set C C E and a bounded set 

B C Co so that A C C + B. Indeed, choose a compact C C E with T(C)  D T ( A )  

and B := 2(sup~.4 [xDBall(co) (such a C exists because every compact set of E/co 

is in the absolute convex hull of  a norm-null sequence). 

About limited sets in E 

LEMMA 1. The unit vector basis o f  Co (ek) is limited in E and each limited set 

in E is contained in some B + C for  some bounded set B C Co and some compact 

set C C E. 

PROOF. In order to prove the second statement, let A C E be limited (thus 

bounded). Then its image under the quotient mapping T: E -~ E/co = Eo is also 

limited. Since sequences which are equivalent to the unit vector basis of  !1 are not 

limited [BD], T ( A )  must be relatively compact. Since A is bounded this yields the 

assertion, by the above-stated dichonomy. 

In order to prove the first statement, let (~on) C E* be such that C := 

sup,~NIl~p, II < oo and ~,(em,) = 1, n E N, for a subsequence (m,)  of N. We 

have to show that (~0,) is not o~* convergent to zero. We may assume that (~0n) 

is pointwise null on Co. Since (em~) is weakly null, for each k E N it follows that 

lim,_~o~ ~o,(emk) = l i m n ~  ~k(emn) = 0. By a standard perturbation and subse- 

quence argument we can assume that 

= J ' l  i f n = k ,  
~Pk ( em,l) 

i f n ~ k .  

Let M := {m, :n E N} and fix a k E N with k _> C. We claim that for each j  E N 

the set Fj := [7 E £tM, k~lliminf,-.o~ I~j(nev)l > 2 -k-I ] has less than k-2 ~ ele- 

ments ("z for z E Co0(N U F) and n E N was defined in (5) of the previous sec- 

tion). Otherwise there are distinct 71,72 . . . . .  7k.2' E I'tM, k ) SO that 

/k'2k ) 
l iminf  ~oj( ~ sign(~oj("e,~))."evi >- 2 - k - l ' k ' 2 k  > 2C. 

n~ao \ i=1 

n~ 'k .2k v n e U I ' ~ k  " 2 k x  ne  ~0 ~ Sinceby(7)oftheprevioussectionwehavelim,-.®nz~i=l .~i ~l=lz-,i--1 i ~ 
1 for x~ . . . . .  xk.2 k E C with I xi I = I and since ~ ~oj ~ _< C, this leads to a contradiction. 

Now choose 7 ~ FtM, k)\ U~eNF~ (which exists since F(M,k ) is uncountable). We 

thus conclude for my E V~ and all n E N with n _ my that 
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~J(eT) = t~J( m<;n ~ 2-kern) + ~i('e'Y) 
mE V. r 

= 2-k + ~oj(ne~); 

since Iliminfn_~o, ~,j("ev) I < 2 -k-l ,  (~oj(ev)) cannot converge to zero. 

All bounding subsets of E are relatively compact 

All bounding sets are limited and, by Lemma 1, all limited subsets of E are con- 

tained in some B + C, where B is a bounded subset of Co and C is relatively com- 

pact. Thus, because the sum of two bounding sets is still bounding [D1, p. 176, 

Cor.4.24], we need only show that a non-compact bounded set B C Co is not 

bounding in E. 

For this we construct a sequence (pj) of polynomials on E having the follow- 

ing properties: 

(a) For j E N, pj is a product of sj := 2 j - 1 continuous linear functionals. 

(b) F o r j E  N a n d x =  Y,,x..e. E Co, it follows that pj(x) = p j ( x j ' e j )  = x ]  j .  

(c) For every z E E and E > 0, there is a 6 > 0 and a j  =j(z ,  ~ ) E N so that, for 

all i _> j, 

Ip~(z+h)l <E ~' i f h E E  and ~h~ <di. 

This will be enough to show that a non-compact bounded subset B of  Co is not 

bounding. Indeed, for such a set B we find a sequence (b y) C B, b y = ~ b/ei and 
a sequence of increasing integers (nj) so that infj~Nlb~il = C > 0. From (c) we 

conclude that f ( z )  := ~T=~ Phi(z), z E E, is locally bounded and, thus, holo- 

morphic. On the other hand, (b) implies that lim infj~oo supbs~]p~j (b)] I/snj _> C; 

by [D1, p. 173, Cor.4.19] this implies that B is not bounding. 

Construction of (pj) 

For j ,  n E N with n < j  and 7 E I ~ put 

2 k i f j E  W and 7 E F(M.k ) for some M E  CPoo(N) 

~j,,(ev) :=  and some k _< 2 ~2 

0 else 

and for i E N 

~j,n( ei) = O. 
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Since for z = )--~iEN ziei + ~y~r z.ev E Coo(N U F) we have 

2/i 2 [ ~a zi~P.i,.(ei) + ~ z'r'PJ,~(e-~) < ~ ~ 2-* ~ Iz-~l 
iEN ~EF ME(Po, (N) k=l  7EF(M,k ) 

j~vv 

2/1= 1 

<-2~2 Z E 2 k . k  ~_a 
ME(P~ (N) k=l "YEP(M,k) 

_< 2~llzll0 _< 2~=llzll, 

Iz~l 

it follows that ~j,. can be extended to a bounded linear functional on E still de- 

noted by ~oj,~. We put ffj,. := projj - ~oj,~ (where projj acts on E~).  

Note that for each 3' E F 

(9) 
{ 2-*Xv~ ( j ) i f 3 ' E  U 

Czn(e,  ) = M~0,.(N) 

0 else. 

F(M,,) for some k > 2 n2, 

Finally, we put for j E N and z E E 

J 
pj(z) := H ( f z A z ) )  v-~.  

/1=1 

Since E{=, 2 J-n = 2 i - 1 = sj and ~bj, n [co = projj Ico, (a) and (b) are satisfied. In order 

to show (c) let z E E and e > 0. Set K := Y,n%1 2-nn 2 and E' := e /3-2  K+ 1 ([i z II + 1 ). 

Then choose no E N so that [Izll2-n°2 -2°g2-"° < e' and ~ > 0 so that 3.2~a5 < 

(e ' )  2"°. In order to choose Jo = jo(z,e) as desired in (c) we first choose ~ = 

Y~ z~e. + E z~e~ E Coo(N O F) with lit - zll < ~ and I1~11 = Ilzll. By the property 
(1) of  (V~ : 3' E F) we findjo _> no, so that for each M E  (P~ (N) and k E N it fol- 

lows that Vv tq Vv, C {1,2 . . . . .  Jo - 1} whenever 3' #: 3" E F(M,k) and z~,zv, ~: O. 
From (9) we deduce for j >_ J0 and n ___ j that 

ME(Po~ (N) TEP(M,k ) 

(lO) ~ 2-2"~ Z ~  Z sup [z~l 
k>2 n ME(Poo(N) 2/~I'(M,k) 

-< 2-z~  IJzi[o < 2-2"= Iizil- 
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Thus, we conclude for h E E, 11 h [l -< 6 and j ___ Jo that 

J 
[pj (z  + h)[ '/sJ -< XrI (l~bj,,,(~)[ + 2611~bz. [[) z-" 

n=l 

J 

H 12-2"~11zll + 2 " (  2"z+ 1)612-" 
n=l 

J 
(2-2"gllzll + 3"2n°26) 2-"° 1-~ ((1 + Ilzll).2n2.3) 2-" 

n=l 
n~:no 

<_ (2-z"~°z-"°llzll 2-"° + (3.2ng.ts)2-"°)3. (1 + IIZlI)2 K 

< 2-e' .3(1  + Ilzll)"2K= e 

which implies the assertion. 
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