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ABSTRACT
An example of a Banach space E is given with the following properties: Every
bounding set A C E (i.e. f(A) is bounded for each holomorphic function f: E —
C) is relatively compact but there are relatively non-compact limited sets A (i.e.
T(A) is relatively compact for each bounded linear map 7': E - ¢p).

Introduction

A subset 4 of a Banach space E is called limited if lim; ¢;(x) = 0 uniformly for
x € A whenever (¢;) is a weak* null sequence in E* and A is called bounding if
every entire function in E is bounded on A. Since 37 gaj is an entire function if
(and only if) (¢;) is a weak* null sequence, it is an immediate consequence that
a bounding set also is limited. It has been an open problem, however the opposite
inclusion holds (see [D1]). In this paper an example is given which answers this
question in the negative.

In [D2} and [J2] examples of non-trivial (i.e. not relatively compact) bounding
sets are given. It is shown in [J2] that the unit ball of a Banach space E, viewed
as a subspace of /°(I') where T is a sufficiently big index set, is bounding and
limited precisely when E does not contain any isomorphic copy of /;. On the con-
trary, [J1] gives that the unit ball of an infinite dimensional Banach space is never
limited in the space itself. In this paper a Banach space E containing an isomorphic
copy of ¢, is constructed, such that the unit vectors of ¢, is limited (which is
shown by arguments close to that in [D2]) but E contains no bounding sets besides
the trivial ones. In fact, the class of entire functions generated by continuous lin-
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ear functionals is rich enough to conclude that the bounding sets are relatively
compact.

I am very grateful to the referee for allowing me to publish this example. First
of all, it does not depend on the Continuum Hypothesis, as my original one did,
and, secondly, though the basic ideas are the same, it makes much more clear and
effective use of these ideas.

Some notations
For a set I':

® . (I') := infinite subsets of T',

cooll) :i= {(a(y):y €TY C Cl{y:a(y) # 0} is finite},
(e, :y € T') usual Hammel-basis of coo(I')
(i.e.e,(y)=1land e, (y) =0if vy # 7).

For the Banach space /s, |-|;. denotes its norm and if M C N, xp € I, is
defined by xy(n) =1, if n € M, and xu(n) =0, if n € N\M. For j € N,
proj; : I, = C is defined by proj;(x;) = x; if (x;) € l.

Construction of E

Let ' := ®,(N) X N X w;, where w, denotes the first uncountable ordinal,
and, if M € @, (N) and k € N, we set I'(yr 4y = {(M,k,a):a € w,}. For each
M e ®.(N) and ¥k € N we choose a family (Vipp,0 i < wy) C Cu{M)
satisfying

(1) I/(M,k,ot) N I/(M,k,B) is finite if o # B
and we put for y = (M, k,a) €T
2 fy= z_kXV(M,k,a)’

considering f, as an element of /,, (N). For each z = 2,en 276, + 2Zyer 2,6, €
coo(N UT') we define

1
@ dle= 3 ma e (nln B lal)
(M, k) EGam(N) XN Y€T (A k) k-2% et
and
4 Izle =] 20 zexin) + 23 %Sy
keN ~€r lo
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Since |z, # 0 iff X z,e, # 0 and |z|, # 0 if L z,e, = 0 and X xx(x) # O,
Iz := max{}z|«,]zlo}, for z € ceo(N U T), defines a norm. We let E be the
completion of cgo(N U T') under |-|. Furthermore, we define E, to be the closed
subspace of /., generated by {x(), f,:k € N, v € '} and E, to be the comple-
tion of cyo(T') under |-|o. We note that E; is the /;-direct-sum of spaces E s 4)
where, for (M, k) € ®,,(N) X N, E ) is the closed subspace of E, generated by
{e,:y €T i ). Also, each Ep ) is isomorphic to /(T a,x))- This implies, in
particular, that Ey has the Schur property.

The mapping ¢, D (x,,) = 2 X,e, € E defines an isometric embedding of ¢, into
E. We shall always mean the range of this isometry if we speak of ¢, as a subspace
of E.

For z = 3jenzj€ + Lyer 2,8, € cp(NUT) and n € N we set

.. -k
©  r=Nuer %% nfe- 3 27
j>n Me®,(N),keN y€l(a k) Jjsn,jev,

If we let T: E > E,, be the operator defined by T'(ey) = x(x; and T(e,) = f,, it
follows from the definition (2) of f, and from (5) that

6 T("2) = T(2) Xin+inez,...1» i 2E€C(NUT).

By condition (1), it is possible to find for z € cp(NUT') anno € N so that V, N
V,. C {1,...,n,) whenever there isa k€ Nand an M € ®,(N) with v,y" €
Tny, ¥y #7v»and z,, 2, 0.

This implies that for all z € cgo(N U T') there exists an ng so that
@ 1"zl = Izlo  if 7= my,

and that n, only depends on the set {k € N:z, # 0} U {y €T': 2, # 0}. For the
quotient space E/cy and its norm || ||/, we deduce that

|20, < liminf |"z) = |zlo < 2]z

if 2 € ¢cgo(N U T') and thus that
® 1zlee = l2lo if z€ E.

Since E, has the Schur property, this leads to the following dichonomy of
bounded non-relatively compact subsets of E. Let A C E be bounded and non-
relatively compact, then:

Either its image under the quotient mapping E — E/c, = E, is also not relatively
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compact. Then its image, and thus A itself, contains a sequence equivalent to the
{,-unit vector basis.

Or this is not the case. Then there exists a compact set C C E and a bounded set
B C ¢y so that A C C + B. Indeed, choose a compact C C E with T(C) D T(A)
and B := 2(sup,e4 | x])Ball(co) (such a C exists because every compact set of E/co
is in the absolute convex hull of a norm-null sequence).

About limited sets in E

LeMMA 1. The unit vector basis of ¢, (e;) is limited in E and each limited set
in E is contained in some B + C for some bounded set B C ¢y and some compact
set CCE.

Proor. In order to prove the second statement, let A C E be limited (thus
bounded). Then its image under the quotient mapping T: E — E/cy = E, is also
limited. Since sequences which are equivalent to the unit vector basis of /; are not
limited [BD], T(A4) must be relatively compact. Since A is bounded this yields the
assertion, by the above-stated dichonomy.

In order to prove the first statement, let (¢,) C E* be such that C :=
suppenleqll < o and ¢,(e,,) =1, n € N, for a subsequence (m,) of N. We
have to show that (¢,) is not w* convergent to zero. We may assume that (¢,)
is pointwise null on ¢o. Since (e,,,) is weakly null, for each k € N it follows that
lim, e @n(€m,) = lim, e x(€m,) = 0. By a standard perturbation and subse-
quence argument we can assume that

e ) 1 ifn=k,
e’"n = .
ok 0 ifn+k

Let M := {m,:n € N} and fix a k € N with k = C. We claim that foreachjEN
the set F; := {y € T, |liminf, .o [@;("e))] > 2-k=1} has less than k-2* ele-
ments ("z for z € ce(N UT') and n € N was defined in (5) of the previous sec-
tion). Otherwise there are distinct yy,%2, . - - ¥x.2¢ € T(a) SO that

n—oo i=1

k2%
lim inf cpj< >, sign(p;("e,,) ~"e7,.) =27k 1.k 2% > 2C.
. . 2k 2k
Since by (7) of the previous section we have lim, ... | 553 x;"e,, | =| 23 x. %, lo=
1for Xy, . . .,X..+ € Cwith | x;| = 1 and since | ¢;| < C, this leads to a contradiction.
Now choose v € T, 1\ Ujen F; (Which exists since T'(y, 4 is uncountable). We
thus conclude for m; € V, and all n € N with n = m; that
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m=n
mevy,

vile,) = ¢j( 2 2_kem) +¢;("e,)

= Z—k + ‘pj("e‘y);

since |liminf, . ¢;("e,)| < 277!, (¢;(e,)) cannot converge to zero.

All bounding subsets of E are relatively compact

All bounding sets are limited and, by Lemma 1, all limited subsets of E are con-
tained in some B + C, where B is a bounded subset of ¢, and C is relatively com-
pact. Thus, because the sum of two bounding sets is still bounding [D1, p. 176,
Cor.4.24}], we need only show that a non-compact bounded set B C ¢, is not
bounding in E.

For this we construct a sequence (p;) of polynomials on E having the follow-
ing properties:

(a) Forj €N, p, is a product of s, := 2/ — 1 continuous linear functionals.

(b) For j€ N and x = ¥ x,,-e, € ¢y, it follows that p;(x) = p;(x;-¢;) = x}".

(c) Foreveryz€ Fande> 0, thereisaé>0and aj=j(z,¢) € N so that, for

alli = j,
|pi(z+ h)| <€ ifheE and |h] <.
This will be enough to show that a non-compact bounded subset B of ¢, is not
bounding. Indeed, for such a set B we find a sequence (b’) C B, b/ = ¥, b/e; and
a sequence of increasing integers (n;) so that infjeNlb,’,'jl = C > 0. From (c) we
conclude that f(z) := £, Pn(2), 2 € E, is locally bounded and, thus, holo-

morphic. On the other hand, (b) implies that liminf;_,,, sup,e 5| pn; (b)]"*% = C;
by [D1, p. 173, Cor.4.19] this implies that B is not bounding.

Construction of (p;)
Forj,ne Nwithn <jand y €T put

27% if j€ V, and v € T (s« for some M € @ (N)
einle,) = and some k < 2"’
0 else
and forie N

<Pj,n(ei) =0.
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Since for z = Xien2i€ + Lyer Zy8y € coo(N U T') we have

2

2 Zivin(e) + 2 Zy05n(ey) | = IS 27535zl

iEN yel MEP(N) k=1 'yer'(y'k)
JEV,

2
n
2 1

<27 ¥ ¥ >z

k
MeE®(N) k=1 25k YET (M, k)

<27 |z]o < 27|z},

it follows that ¢; , can be extended to a bounded linear functional on E still de-
noted by ¢; ,. We put ¥; , := proj; — ¢, , (Where proj; acts on E).
Note that for each y €T

27 (j) ifye U T for some k > 27,
O Yinle) = MEP(N)

0 else.

Finally, we put forje Nand z€ E
Jj o
pi€z) =TT ()% .
n=1

Since ¥/, 2" =2/ — 1 =s;and ¥, ,|,, = proj, |co» (2) and (D) are satisfied. In order
toshow (c)letzE Eand e > 0. Set K := 12 ; 27 "n? and ¢’ :=¢e/3-251(| 2| + 1).
Then choose ny € N so that ||z|l2-"°2‘2"g'2—"° < ¢ and 6 > 0 so that 3-2%5 <
(e¢')?™. In order to choose j, = jo(z,¢) as desired in (c) we first choose Z =
2 Znen + 22,8, € cp(NUT) with |Z —z| <éand |Z] = |z|. By the property
(1) of (V,:y €T) we find j, = ny, so that for each M € ®,(N) and k € N it fol-
lows that V, N V,. C {1,2,...,jo, — 1} whenever v # yv" € '3, and z,,2,- # 0.
From (9) we deduce for j = j, and n < j that

Win(D] =] 25 227 2 )

k527" MEPL(N)  veT (i)

2
(10) <27 3. X sup |z,
£>2"° ME®x(N) YET (M, k)

2 2
=27 |2)o = 27" Jz|.
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Thus, we conclude for # € E, |a]| < 6 and j = j, that

J
[pi(z+ M < TT G| + 28¢5
n=1

-

< [I 127" 2] +2- " + 1)s|2™
1

>
il

IA

2 —n / -n
272 |z +3-2788)2™™ TT ((1 + |z)-2""-3)?
n=1

n#ng

(228277 2] 7 4 (3-276-8)27"°)3- (1 + | z])2K

IA

2-¢-3(1+ |z])-2% =€

IA

which implies the assertion.
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